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Abstract

Dynamical system under investigation in the current work is comprised of harmonically forced linear oscillator with

attached nonlinear energy sink. External forcing frequency detuning near the main resonance (1:1) is included in the system

investigation. The detailed study of the periodic and quasiperiodic regimes is done in the work via (adaptive) averaging

method. Local bifurcations of the periodic regimes are revealed and fully described in the space of system parameters

(amplitude of excitation, damping, and frequency detuning). Novel analytical approach for predictions of strongly

modulated response (SMR) is presented. This approach provides a sufficient condition for the SMR existence contrary to

the previous studies. Various possibilities of coexistence of the response regimes are predicted analytically and

demonstrated numerically. Among those is a coexistence of two distinct periodic regimes together with the SMR. All

findings of the simplified analytic model are verified numerically and considerable agreement is observed.

r 2007 Elsevier Ltd. All rights reserved.
1. Introduction

Systems comprised of linear substructures with essentially nonlinear attachments are of great interest in a
sense of vibration mitigation (in a linear substructure) and are intensively studied. Irreversible transient
transfer (pumping) of energy from the substructure to the essentially nonlinear attachment (nonlinear energy
sink (NES)) was demonstrated and studied in Refs. [1–4]. In the same papers, it has been shown that properly
designed, essentially nonlinear local attachments may passively absorb energy from transiently loaded linear
subsystems, acting as NESs. This obvious advantage of using essentially nonlinear attachments as NESs gave
rise to an additional study of dynamics and performance of essentially nonlinear attachments coupled to the
linear system substructure.

Addition of a relatively small and spatially localized nonlinear attachment leads to essential changes in the
properties of the whole system. Unlike common linear and weakly nonlinear systems, systems with strongly
nonlinear elements are able to react efficiently on the amplitude characteristics of the external forcing in a wide
range of frequencies [4,5]. Thus, the systems under consideration give rise to a new concept of NES.
ee front matter r 2007 Elsevier Ltd. All rights reserved.
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It was demonstrated [2,3] that the possibility of the energy pumping phenomenon in non-conservative
systems can be understood and explained by studying the energy dependence of the nonlinear undamped free
periodic solutions (nonlinear normal modes (NNM)) of the corresponding conservative system which are
obtained when all damping forces are eliminated. Recent investigation [6] based on the approach of invariant
manifolds [7,8] has introduced an asymptotic procedure suitable for explicit inclusion of damping within the
framework of NNM.

The steady-state response of the single-dof linear system with strongly nonlinear attachment to external
forcing loading was studied in paper [9]. It was shown theoretically and experimentally that, in spite of weak
coupling an essentially nonlinear attachment is capable of absorbing steady-state vibration energy from the
linear oscillator, thus localizing the energy away from the directly forced subsystem. The energy absorption by
strongly nonlinear attachment is realized over a relatively broad frequency range, making it effective over a
range of frequencies.

In recent studies, it was demonstrated [10,11] that in close vicinity of the main resonance the system with
NES can exhibit quasiperiodic rather than simple periodic response, leading to qualitatively different
dynamical behavior. As it was shown in paper [11], strong mass asymmetry in periodically forced systems with
essential nonlinearity may cause response regime qualitatively different from either simply periodic or weakly
modulated regimes in the vicinity of 1:1 resonance. The former is characterized by very deep oscillations of the
modulated amplitude comparable to the amplitude of the response itself. This response regime was considered
in papers [11,12] and referred to as strongly quasiperiodic response. In fact, as it was demonstrated in Ref. [12]
such response may be also phase locked or chaotic. In order to emphasize the difference of the response from
simply periodic and weakly modulated quasiperiodic response, we use the term ‘‘strongly modulated
response’’ (SMR). In the same paper [12], novel analytical approach was proposed for the SMR description.
Possible effectiveness of the SMR was demonstrated in Ref. [13] from viewpoint of vibration absorption and
mitigation compared with the best-tuned linear vibration absorber.

The goal of the present paper is an extensive study of the periodic and weakly quasiperiodic regimes, in a
system comprised of the periodically forced linear oscillator coupled to the NES. Novel approach providing a
sufficient condition for the SMR existence contrary to the previous studies is demonstrated. The main
distinction of the current work from Refs. [10–13] is in extension of the considered system, namely in inclusion
of the frequency detuning parameter near the main resonance in general treatment.

The structure of the paper is as follows. The second section is devoted to the brief model description.
Section 3 brings a detailed study of the periodic solutions, their local bifurcations and also presents a novel
approach for the SMR anticipation. Section 4 contains numerical verifications of the analytical model and
also demonstrates various regimes coexistence predicted analytically. Section 5 contains concluding remarks
and discussion.
2. Model

Analytical treatment of the model generally follows the analysis developed earlier [11] with modifications
due to presence of the frequency detuning parameter.

The system considered in the paper is comprised of linear oscillator and strongly nonlinear attachment
(pure cubic nonlinearity) and is forced harmonically. The system is described by the following equations:

€y1 þ �lð _y1 � _y2Þ þ ð1þ �sÞy1 þ
4
3
�ðy1 � y2Þ

3
¼ �A cos t,

� €y2 þ �lð _y2 � _y1Þ þ
4
3
�ðy2 � y1Þ

3
¼ 0, (1)

where y1 and y2 are the displacements of the linear oscillator and the attachment, respectively, el is the
damping coefficient, eA is the amplitude of external force and es is the frequency detuning parameter. e51 is a
small parameter, which establishes the order of magnitude for coupling, damping, amplitude of the external
force, detuning parameter and mass of the attachment.

Coefficients A, l, s are adopted to be of order unity. Rigidity of the nonlinear spring is adopted to be equal
to 4/3e. All the listed adoptions regarding system parameters do not affect a generality of a treatment below,
since they may be changed independently by proper system rescaling.
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3. Analytical treatment

3.1. Periodic solutions

In this section, we seek for the periodic solutions of Eq. (1) via averaging method used in Refs. [11,12].
Several changes of variables are applied on Eq. (1) for the sake of system simplification. The first change of
variables is as follows:

v ¼ y1 þ �y2; w ¼ y1 � y2. (2)

Additional complex variables are introduced according to the following relationship:

j1 expðitÞ ¼ _vþ iv,

j2 expðitÞ ¼ _wþ iw. (3)

Introducing Eqs. (2), (3) into Eq. (1) and performing averaging procedure over one period of the external
excitation the following slow modulated system is obtained:

_j1 þ
i�

2ð1þ �Þ
ðj1 � j2Þ �

i�sðj1 þ �j2Þ

2ð1þ �Þ
¼
�A

2
,

_j2 þ lð1þ �Þ
j2

2
þ

i

2ð1þ �Þ
ðj2 � j1Þ �

i�sðj1 þ �j2Þ

2ð1þ �Þ

�
ið1þ �Þ

2
jj2j

2j2 ¼
�A

2
. (4)

Fixed points of system (4) correspond to the periodic solutions of Eq. (1). In order to find the fixed points, we
equate the derivatives of Eq. (4) to zero ð _j1 ¼ _j2 ¼ 0Þ thus obtaining a system of complex algebraic equations:

i�

2ð1þ �Þ
ðj10 � j20Þ �

i�sðj10 þ �j20Þ

2ð1þ �Þ
¼
�A

2
,

lð1þ �Þ
j20

2
þ

i

2ð1þ �Þ
ðj20 � j10Þ �

i�sðj10 þ �j20Þ

2ð1þ �Þ

�
ið1þ �Þ

2
jj20j

2j20 ¼
�A

2
. (5)

By simple algebraic manipulations system of Eq. (5) may be reduced to a more convenient form

l2 þ
s2

ð1� sÞ2

� �
j20

�� ��2 þ 2s
1� s

j20

�� ��4 þ j20

�� ��6 ¼ A2

ð1� sÞ2
;

y20 ¼ tan�1
s

lð1� sÞ
þ

j20

�� ��2
l

 !

j10 ¼
ð1þ �sÞj2 � ið1þ �ÞA

1� s

) j10

�� �� ¼ 1þ �s
1� s

j20

�� �� cos y20
cos y10

y10 ¼ tan�1 tan y20 �
ð1þ �ÞA

ð1þ �sÞ j20

�� ��cos y20
 !

. (6)

Writing the first polynomial of Eq. (6) in a compact form yields

a1Z þ a2Z2 þ a3Z3 þ a4 ¼ 0, (7)
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where

jj20j
2 ¼ Z; a1 ¼ l2 þ

s2

ð1� sÞ2
,

a2 ¼
2s
ð1� sÞ

; a3 ¼ 1; a4 ¼
�A2

ð1� sÞ2
.

Roots of polynomial (7) refer to the fixed points of Eq. (4) and thus to the periodic solutions of the original
system (1).
3.2. Local bifurcations of the periodic solutions

In this section, we are going to investigate the local bifurcations of the periodic solutions obtained in Eq. (6).
3.2.1. Saddle-node bifurcation

In this part, we are going to find the boundary (cusp), which separates between zones of single real solution
of Eq. (7) and three real solutions; this boundary corresponds to a saddle-node (SN) bifurcation. It is clear
that the boundary of a SN bifurcation may be found by elimination of Z from Eq. (7) and the derivative
of Eq. (7) equated to zero, thus providing necessary and complete conditions for the SN bifurcation:

3a3Z2 þ 2a2Z þ a1 ¼ 0. (8)

Eliminating Z from Eqs. (7) and (8), one obtains the boundary of SN bifurcation in a space of (A, l, s)
(e—is fixed):

3a3ða1a2 � 9a3a4Þ
2
þ 2a2ða1a2 � 9a3a4Þ

�ð6a1a3 � 2a22Þ þ a1ð6a1a3 � 2a22Þ
2
¼ 0, (9)

where a1, a2, a3, and a4 are defined in Eq. (7).
Fig. 1. Boundary of the SN bifurcation (s ¼ 3, e ¼ 0.05).
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Therefore, Eq. (9) describes the boundary of the SN bifurcation, which separates between three periodic
solutions to one. Projection of Eq. (9) to the two-dimensional plane of parameters (A, l) for fixed value of s is
presented in Fig. 1.

Several projections for various positive and negative detuning (s) values are plotted in Figs. 2 and 3.
Fig. 2. Projections of the cusps of the SN bifurcation for the positive detuning values.

Fig. 3. Projections of the cusps of the SN bifurcation for the negative detuning values.
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3.2.2. Hopf bifurcation

In order to explore the conditions for the Hopf bifurcation of the periodic solutions, we consider the small
perturbations about the fixed points obtained in Eq. (6).

Small perturbation about the fixed point of the averaged system (4) is written in the following form:

j1 ¼ j10 þ d1,

j2 ¼ j20 þ d2, (10)

where the magnitudes of d1, d2 are of order e. Substituting Eq. (10) into Eq. (4) and keeping the linear terms
one obtains a linearized system:

_d1 ¼ �
i�

2ð1þ �Þ
ðd1 � d2Þ þ

i�sðd1 þ �d2Þ
2ð1þ �Þ

_d
n

1 ¼
i�

2ð1þ �Þ
ðdn1 � dn2Þ �

i�sðdn1 þ �d
n

2Þ

2ð1þ �Þ

_d2 ¼ � lð1þ �Þ
d2
2
�

i

2ð1þ �Þ
ðd2 � d1Þ þ

i�s
2ð1þ �Þ

ðd1 þ �d2Þ þ ið1þ �Þ j20

�� ��2d2 þ ið1þ �Þ

2
j2
20d

n

2

_d
n

2 ¼ � lð1þ �Þ
dn2
2
þ

i

2ð1þ �Þ
ðdn2 � dn1Þ �

i�s
2ð1þ �Þ

ðdn1 þ �d
n

2Þ � ið1þ �Þ j20

�� ��2dn2 � ið1þ �Þ

2
jn

20
2d2. (11)

The characteristic polynomial of the linearized system (11) reads

jj20j ¼ N20,

g1 ¼ lð1þ �Þ,

g2 ¼
3
2
�þ 3

4
þ 3

4
�3

� �
N4

20

þ ð�2s� 1ÞN2
20 þ

1
4l

2
ð�þ 1Þ2 þ 1

4ð�
2s2 þ 1Þ,

g3 ¼
1
4
l�ð�s2 þ 1Þ

g4 ¼
3

16
�2ð1� sÞ2N4

20 þ
1
4�

2sð1� sÞN2
20

þ 1
16
�2ðð1� sÞ2l2 þ s2Þ,

The characteristic polynomial:

m4 þ g1m
3 þ g2m

2 þ g3mþ g4 ¼ 0. (12)

The condition for the Hopf bifurcation requires the pair of pure imaginary eigenvalues:

m ¼ �iO, (13)

where O is real. Introducing Eq. (13) into characteristic polynomial obtained in Eq. (12) and splitting the
expression into real and imaginary parts provides a condition for Hopf bifurcation and expression for O:

g23 � g2g3g1 þ g4g
2
1 ¼ 0,

O2 ¼
g3
g1
) O ¼ �

1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2s2 þ �
1þ �

s
, (14)

where O refers to the frequency of modulation.
Expanding the first equation of Eq. (14) and collecting the powers of z ¼ N2

20, condition (14) reads

v1 ¼ �
3
8
�4s2l2 � 3

8
�2sl2 � 3

4
�3sl2 � 3

16
l2�5s2

� 3
16
l2�3 � 3

8
�4sl2 � 3

16
l2�� 3

8
l2�2 � 3

16
�3s2l2,
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v2 ¼
1
4
l2�� 1

4
l2�4s3 � 1

4
�4s2l2 þ 1

4
�2sl2

þ 1
4
�3sl2 � 1

4
l2�5s3 þ 1

4
l2�2 � 1

4
�3s2l2,

v3 ¼
1
8
�3s2l2 � 1

16
l2�� 1

8
l4�4s� 1

16
l4�3

� 1
16
l4�� 1

8
l4�2 �

1

16
l2�5s4 � 1

8
l4�4s2

� 1
16
l4�5s2 � 1

16
l4�3s2 � 1

8
l4�2s� 1

4
l4�3s, (15)

v1z
2 þ v2zþ v3 ¼ 0 Condition for Hopf Bifurcation (16)

It is obvious that solution of Eq. (16) should also satisfy Eq. (7), thus eliminating z from Eqs. (16) and (7) one
obtains the boundary of stability for periodic solution:

z1 ¼
�v2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v22 � 4v3v1

q� 	
2v1

,

z2 ¼
�v2 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v22 � 4v3v1

q� 	
2v1

. (17)

The boundaries of stability are

a1z1 þ a2z21 þ a3z31 þ a4 ¼ 0,

a1z2 þ a2z22 þ a3z32 þ a4 ¼ 0.

The unstable region is bounded by these two curves. Projection of the boundary of stability (Hopf bifurcation)
into the (A, l) plane for the fixed values of s and e is drawn in Fig. 4.

By now, we have established the boundaries in the three dimensional space of parameters (A, l, s) for
the SN and Hopf bifurcations. However, in the cases of more than one periodic solution there is an
uncertainty in the determination of the particular bifurcating solution. In order to resolve the uncertainty,
pairs of additional projections of bifurcation boundaries and bifurcation diagrams for the several detuning
Fig. 4. Projection of the boundary of Hopf bifurcation (e ¼ 0.05).
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values are demonstrated. By the term ‘‘bifurcation diagram’’ we imply the plot of the periodic solution
amplitude (N20) vs. external forcing amplitude (A). Thus, fixing the detuning (s), damping (l), and e
parameters we draw the diagrams marking on it the regions of bifurcations. The diagram presented in Fig. 5
relates to the projection shown in Fig. 4.

Additional pairs of the bifurcation boundary projections and bifurcation diagrams (for various values of s)
are brought in Figs. 6–9.

The results obtained in Figs. 4–9 require additional discussion. The diagram presented in Fig. 5 was
constructed for s ¼ 0.5 (frequency detuning parameter value). Hopf bifurcation of the single periodic solution
may be observed on the diagram of Fig. 5. The region within the boundary of Hopf bifurcation illustrated in
Fig. 4 is unstable. Namely, it refers to the unstable periodic response solution. The region outside the
boundary of Hopf bifurcation refers to the stable periodic response solution.

The boundary of Hopf bifurcation for s ¼ 1.2 depicted in Fig. 6 is fully occupied by the region of three
periodic solutions due to SN bifurcation. In order to resolve the uncertainty regarding the Hopf bifurcation,
namely to determine which of the periodic solutions bifurcates, a bifurcation diagram is plotted in Fig. 7.

It is clear from the diagram that the lower branch of the periodic solutions undergoes Hopf bifurcation for
the fixed damping parameter (l ¼ 0.2). The obtained unstable region of the lower branch refers to the internal
region of the Hopf bifurcation boundary presented in Fig. 6. The region of the SN bifurcation brought on the
diagram as well, coincides with the internal region of the SN boundary (Fig. 6) for the fixed damping value
(l ¼ 0.2).

The last case considered for s ¼ 5 differs from the previous cases in the type of Hopf bifurcation. As one
can see in Figs. 8 and 9 crossing the lower branch of the Hopf bifurcation boundary (for l ¼ 0.1) (Fig. 8), we
observe Hopf bifurcation of the middle unstable branch of the periodic solutions. which occurs at AE1.83.
Proceeding towards the growing values of external forcing amplitude (A) we face an additional Hopf
bifurcation (Fig. 9) of the lower branch of periodic solutions for AE2. This bifurcation occurs at the upper
branch of the Hopf bifurcation boundary presented in Fig. 8 for the same value of damping parameter
(l ¼ 0.1). Hopf bifurcation obtained for the last case brings qualitatively new kind of the loss of stability
predicted by the boundaries of Fig. 8. Thus, the lower branch of the Hopf bifurcation boundary (Fig. 8)
Fig. 5. Hopf bifurcation in a case of single periodic solution. (l ¼ 0.2, s ¼ 0.5, e ¼ 0.05). Additional pairs of the bifurcation boundary

projections and bifurcation diagrams (for various values of s) are brought in Figs. 6–9.
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Fig. 6. Projection of the boundaries of Hopf and SN bifurcation lines (s ¼ 1.2, e ¼ 0.05).

Fig. 7. Hopf and SN bifurcations diagram for fixed values of damping and detuning parameters.
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depicts the bifurcation of the middle branch of the periodic solutions and the upper one depicts the bifurcation
of the lower branch of periodic solutions. It is essential to note that the both branches are coalesce at the fold
point (AE2.18) and eventually vanish.
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Fig. 8. Projection of the boundaries of Hopf and SN bifurcation lines on a two-dimensional plane (s ¼ 1.2, e ¼ 0.05).

Fig. 9. Hopf and SN bifurcations diagram for the fixed values of damping and detuning parameters.
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Another possibility to illustrate the local bifurcations of the periodic solutions is via frequency-response
diagrams. Figs. 10–12 depict evolution of the frequency-response diagrams with growing values of the
amplitude of excitation:

The points of bifurcations and their types are marked on the diagram. By observing the evolution of the
frequency-response diagram one can note that there is a critical value of forcing amplitude (AE1) Fig. 11 for
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Fig. 10. Frequency-response diagram. Bold lines refer to the unstable regions of the periodic solutions when the thin lines refer to the

stable regions. A ¼ 0.4, l ¼ 0.2, e ¼ 0.01.

Fig. 11. Frequency-response diagram. Bold lines refer to the unstable regions of the periodic solutions when the thin lines refer to the

stable regions. A ¼ 1.005, l ¼ 0.2, e ¼ 0.01.

Y. Starosvetsky, O.V. Gendelman / Journal of Sound and Vibration 315 (2008) 746–765756
which the upper branch of the periodic responses coalesce with the lower one. For a slightly bigger value of
forcing amplitude than a critical one (A ¼ 1.2), the upper and lower curves are merged (Fig. 12). The diagrams
accomplish the treatment of local bifurcations of the periodic solutions.
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Fig. 12. Frequency-response diagram. Bold lines refer to the unstable regions of the periodic solutions when the thin lines refer to the

stable regions. A ¼ 1.2, l ¼ 0.2, e ¼ 0.01.
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In the analysis performed above, we have observed 4 types of bifurcation mechanisms: SN bifurcation and
generation of three periodic solutions, Hopf bifurcation of single periodic solution, Hopf bifurcation of one of
the periodic solution in the region of three periodic solutions and finally Hopf bifurcation of two periodic
solutions in the region of three solutions.
3.3. SMR

The analytical treatment of the previous section was concerned with the system periodic regimes. An
extensive study of the local bifurcations of periodic regimes was performed and regions of stability and
instability (in a space of parameters) were derived analytically. Additional, existing system response, which
cannot be handled by the local analysis contrary to the simple periodic regimes is referred to as a SMR. As it
comes from the previous studies [11–13], this response is characterized by the very deep modulation of the
oscillations and has amplitude comparable to the response itself.

In paper [13], it was demonstrated numerically that the SMR exists in the vicinity of the exact 1:1 resonance
and may be very favorable from the viewpoint of vibration absorption and mitigation (better than tuned linear
absorber). However, these results were not complete—the analytic method developed in Ref. [13] allowed
finding only necessary conditions for the SMR in the conditions of exact resonance.

In this section, we describe an analytical approach providing one a sufficient condition for the existence
of SMR.

By simple manipulations, system (4) may be reduced to single second-order ODE:

d2j2

dt2
þ

d

dt
aj2 �

ið1þ �Þ

2
j2

�� ��2j2 þ
i�

2ð1þ �Þ
ð1� sÞj2

� �

þ
i�

2ð1þ �Þ
ð1� sÞ aj2 �

ið1þ �Þ

2
j2

�� ��2j2 �
�A

2

� �

�
i�b

2ð1þ �Þ
1þ �s½ �j2 ¼

�Ab
2

, (18)
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where

a ¼
lð1þ �Þ2 þ i� i�2s

2ð1þ �Þ
; b ¼

i

2ð1þ �Þ
ð1þ �sÞ.

Multiple-scale expansion is introduced as

j2 ¼ j2ðt0; t1; . . .Þ;
d

dt
¼

q
qt0
þ �

q
qt1
þ � � � ,

tk ¼ �
kt; k ¼ 0; 1; . . . . (19)

Substituting Eq. (19) into Eq. (18) and equating the like powers of e one obtains equations for zero and the
first-order approximations:

�0 :
q2j2

qt20
þ

q
qt0

lj2

2
þ

ij2

2
�

i

2
j2

�� ��2j2

� �
¼ 0,

�1 : 2
q2j2

qt0qt1
þ

q
qt1

lj2

2
þ

ij2

2
�

i

2
j2

�� ��2j2

� �

þ
q
qt0

lj2

2
þ

ið1� sÞj2

2
�

i

2
j2

�� ��2j2

� �

þ
1� s
4

j2

�� ��2j2 þ
s
4
þ

ilð1� sÞ
4

� �
j2 �

iA

4
¼ 0. (20)

The first equation of Eq. (20) describes ‘‘fast’’ evolution of the averaged system. It can be trivially integrated:

q
qt0

j2 þ
i

2
j2 þ

l
2
j2 �

i

2
j2

�� ��2j2


 �
¼ Cðt1; . . .Þ, (21)

where C is arbitrary function of higher-order time scales. Approximations of higher orders are not used in
current analysis. Then for the sake of brevity only dependence on time scales t0 and t1 will be denoted
explicitly below. Fixed points F(t1) of Eq. (21) depend only on time scale t1 and obey algebraic equation:

i

2
Fþ

l
2
F�

i

2
jFj2F ¼ Cðt1Þ. (22)

Eq. (22) is easily solved by taking Fðt1Þ ¼ Nðt1Þ expðiyðt1ÞÞ and performing simple calculations:

l2N4 þ ðN2 �N4Þ
2
¼ 4jCðt1Þj2N2

or equivalently

l2Zðt1Þ þ Zðt1Þð1� Zðt1ÞÞ
2
¼ 4 Cðt1Þ
�� ��2,

Zðt1Þ ¼ ðNðt1ÞÞ
2. (23)

Expression for argument of the fixed point may be written as

yðt1Þ ¼ arg Cðt1Þ � tan�1
1� Zðt1Þ

l
, (24)

where Z(t1) is solution of Eq. (23).
The number of solutions of Eq. (23) depends on jCðt1Þj and l. The function in the left-hand side can be

monotonous or have maximum and minimum. In the former case, the change of jCðt1Þj has no effect on the
number of solutions—Eq. (23) will have one positive solution. In the latter case, the change of jCðt1Þj will
bring about a pair of SN bifurcations. In order to distinguish between different cases, we should check whether
the derivative of the left-hand side of Eq. (21) has roots:

1þ l2 � 4Z þ 3Z2 ¼ 0 or Z1;2 ¼
2�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 3l2

p
3

. (25)
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Therefore, two roots and pair of SN bifurcations exist for lo1=
ffiffiffi
3
p

and do not exist otherwise. At critical
value, l ¼ 1=

ffiffiffi
3
p

two SN bifurcation points coalesce, thus forming a typical structure of a cusp catastrophe.
It is easy to see from Eq. (21) if only one solution of Eq. (23) exists, it is stable with respect to time scale t0. If

there are three solutions, two of them are stable (nodes) and one unstable (saddle). Therefore, at time scale t0
the phase point will be attracted to one of the nodes. In fact, Eq. (22) defines slow invariant manifold (SIM) of
the problem. In the case lo1=

ffiffiffi
3
p

the fold lines Nðt1Þ ¼ Z
1=2
1;2 ; yðt1Þ 2 ð0; 2pÞ divide stable and unstable

branches of the SIM. Fig. 13 demonstrates projection of the two-dimensional SIM on the plane (N, C), the
fold lines correspond to the points of maximum and minimum.

It is well-known [14,15] that such structure of the SIM may give rise to relaxation-type oscillations of the
system (the hypothetic ‘‘jumps’’ between the stable branches are denoted by arrows in Fig. 13). Still, such
motion is possible only if the system can reach the fold lines while moving on the SIM with respect to the slow
time scale. In order to assess this possibility, one should investigate the behavior of F(t1). For this sake, we
consider the e1 term of multiple-scale expansion namely the second equation of Eq. (20). We are interested in
the behavior of the solution on the stable branches of the SIM Fðt1Þ ¼ limt0!þ1j2ðt0; t1Þ. Taking the limit
t0-N in the second equation of system (20) and taking into account the asymptotic stability of the points of
the stable branches with respect to time scale t0, one obtains

q
qt1

lF
2
þ

iF
2
�

i

2
Fj j2F

� �
þ

1� s
4
jFj2F

þ
s
4
þ

ilð1� sÞ
4

� �
F�

iA

4
¼ 0. (26)

Eq. (26) can be written in the more convenient form:

l
2
þ

i

2
� i Fj j2

� �
qF
qt1
�

i

2
F2 qF

n

qt1
¼ G

G ¼ �
1� s
4

Fj j2F�
s
4
þ

ilð1� sÞ
4

� �
Fþ

iA

4
. (27)
Fig. 13. Projection of the slow invariant manifold of the system in accordance with Eq. (33), l ¼ 0.2. The unstable branch is denoted by

dashed line. Arrows denote hypothetic jumps in the regime of the relaxation oscillations.
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By taking complex conjugate of Eq. (27), it is possible to extract the derivative qF=qt1:

qF
qt1
¼

2½ðl� iþ 2ijFj2ÞG þ iF2Gn�

l2 þ 1� 4jFj2 þ 3jFj4
. (28)

System presented in Eq. (28) describes dynamics on the stable branches of the SIM. Results obtained in the
present analysis as it was demonstrated in Eq. (28) make it possible to depict the SMR via one-dimensional
maps. We will briefly repeat the main results of Eq. (28) and as an example will construct the one-dimensional
map depicting the SMR in the limit e-0. We start with the phase portrait constructed for the slow evolved
system (28) (Fig. 14).

Observing the phase portrait presented in Fig. 14, one can easily notice that there are phase trajectories on
either low stable branch or upper one, which reach the folds. These trajectories actually allow the existence of
SMR. However, it is quite obvious that an existence of these trajectories on each stable branch of SIM cannot
guarantee the stability of the SMR. The reason for that is a possibility of the SMR to be attracted to another
stable response (e.g. simple periodic) after several jumps from one stable branch to another. In order to track
the stability of the SMR response and thus to allow the tools for prediction of its existence one-dimensional
maps are constructed. Observing the phase portrait presented in Fig. 14 we can see that there is an interval of
y�[Y1oyoY2] for which all the phase trajectories are repelled from the lower fold N1 ðjFj ¼ N1Þ. In the
regime of the relaxation oscillations, the phase trajectory jumps from a point of this interval to the upper
branch of the SIM, then it moves along the line of the slow flow to the upper fold line, then jumps back to the
lower branch and moves to the lower fold line, commencing in one of the points of the interval [Y1, Y2]
in order to enable the next jump. Therefore, it is natural to consider this regime as mapping of the interval
[Y1, Y2] into itself—the regime of the relaxation oscillations will correspond to attractor of this
one-dimensional map. Existence of this attractor is therefore necessary and sufficient condition for existence
of the SMR for system (4), or, equivalently, Eq. (18), when the mass ratio e is small enough.

In order to build the relevant mapping, we should consider separately the ‘‘slow’’ and the ‘‘fast’’ parts of the
mapping cycle. As for the ‘‘slow’’ parts on the lower and the upper branches of the SIM, we can use Eq. (28)
and directly connect the ‘‘entrance’’ and ‘‘exit’’ points. Owing to the complexity of the equations, this part of
the mapping should be accomplished numerically. As for the ‘‘fast’’ parts, the function j2 should be
Fig. 14. Phase portrait of the slow invariant manifold (only stable branches of the SIM are shown).
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continuous at the points of contact between the ‘‘fast’’ and the ‘‘slow’’ parts. Therefore, for ‘‘fast’’ parts of the
motion one obtains complex invariant C(t1), defined by Eq. (22). If one knows its value at the point of ‘‘start’’,
it is possible to compute N and y for the point of ‘‘finish’’ unambiguously and thus to complete the mapping.
The procedure of numerical integration should be performed twice—for two branches of the SIM. Two
invariants should be computed for two ‘‘fast’’ jumps, in order to determine their final points. It should be
stressed that only one computation cycle of the mapping for each point of the initial interval is required. This
idea of mapping is close to that used in paper [14] for analysis of chaotic attractors of the relaxation
oscillations in the state space of lower dimensionality.

Not every trajectory which starts from the lower fold of the SIM will reach the initial interval since it may be
attracted to alternative attractor at the upper or the lower branch of the SIM, if it exists. Of course, only those
points, which are mapped into the interval can carry sustained relaxation oscillations. The mapping procedure
is illustrated in Figs. 15 and 16.

The mapping in Fig. 15 exists for all points of the interval and is obviously contractive; therefore one can
expect existence of stable attractor corresponding to the regime of the relaxation oscillations (or SMR).
In this case, it is single-period cycle originating at a point yE0.51. By increasing the detuning parameter
value (the values of the forcing amplitude and the damping parameters remain the same), one can notice the
changes that mapping diagram undergoes (Fig. 16). As it comes from the diagram (Fig. 16), all the mapping
lines tend to the right and there is also a region on the basin, which does not contain any lines. This region
relates to the unaccomplished cycles, namely to the phase trajectories which started from the region and
have been attracted to the periodic response attractor before they have reached the basin once more. The
mentioned trajectories are not illustrated on the diagram. Thus, the empty regions of basin on the diagrams
will be related to the trajectories, which do not reach the basin once more. It is clear from Fig. 16 that there is
no stable attractor of the SMR and for every initial condition on the basin the system finally (after sufficient
number of cycles) leaves the basin. Consequently, the relaxation oscillations will exist in transient response
under certain initial conditions, but not in the sustained response. Such situation requires presence of
alternative attractor.

By now we can conclude that for some increased values of detuning parameter the SMR attractor vanishes.
Running with the values of detuning (s) and for each step performing the mapping one can track the value

of s for which the attractor vanishes. This provides a general tool for determination of the frequency region
for the existence of SMR. For current system, the boundaries of the detuning parameter within which the
SMR exists are sR ¼ 2:694s4sL ¼ �2:0546. So, as it was established earlier by direct numerical simulation,
the SMR exists in rather small vicinity of the exact 1:1 resonance.
Fig. 15. One-dimensional mapping: s ¼ �0.5, A1 ¼ 0.6, l ¼ 0.2. Horizontal bold lines refer to the basin of jump Y1oyoY2, arrows

denote direction of mapping.
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Fig. 16. One-dimensional mapping: s ¼ �1.45, A1 ¼ 0.6, l ¼ 0.2. Horizontal bold lines refer to the basin of jump Y1oyoY2, arrows

denote direction of mapping.
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4. Numerical verification

In the current section, numerical verifications of the analytical model are performed. Thus, for several
values of frequency detuning parameters the amplitude of the response was calculated numerically via
Runge–Kuta 4. Numerically obtained amplitudes are plotted together with the analytically derived frequency-
response curves (Fig. 17). It is essential to note that numerical verification was done for the frequency-response
diagram presented in Fig. 10.

Observing the diagram presented in Fig. 17, one can immediately notice that there is a frequency interval
s ¼ �1.25, 1.6 for which SMR exists. In the current work, the interval of existence of the SMR was
established analytically using the developed procedure of one-dimensional mapping diagrams. Thus, for
various values of the frequency detuning parameter, mapping diagrams were constructed. All those
diagrams, which constitute the contractive mapping suggest for the SMR existence when others suggest
for the absence of it. Consequently, picking a small step size for frequency detuning variation we revealed
a zone of SMR existence with the help of the one-dimensional mapping diagrams. In order to demonstrate
the different types of regimes coexistence time-series diagrams were obtained for various values of the
detuning parameter.

We start with s ¼ 0.5. According to the obtained frequency-response diagram in Fig. 17 for the selected
value of frequency detuning we expect to observe the weakly quasiperiodic response (due to Hopf bifurcation)
together with SMR. Time-series plots of this case are presented in Fig. 18.

Picking (s ¼ 0.9) one expects to obtain the coexistence of two system responses: periodic response and SMR
as it comes from the diagram (Fig. 17). These responses are plotted in Fig. 19.

Additional frequency interval of interest is one for which there exist two distinct periodic responses together
with SMR. In order to obtain the case of two periodic regimes coexistence together with SMR we have picked
the value of s which corresponds to the mentioned interval. Thus, picking (s ¼ 1.5) we have obtained
numerically three distinct regimes presented in Fig. 20.
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Fig. 17. Numerical verification of the frequency-response diagram: O—numerical integration, bold line—unstable periodic response, and

thin solid line—stable periodic response.

Fig. 18. The coexistence of two distinct responses: (a) weakly quasiperiodic response; (b) strongly modulated response; parameters:

A ¼ 0.4, l ¼ 0.2, s ¼ 0.5, e ¼ 0.05.
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5. Concluding remarks

The detailed study of the simple periodic and quasiperiodic regimes occurring in the strongly nonlinear
coupled system was performed in the work. Two types of local bifurcations of periodic solutions were
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Fig. 19. The coexistence of two distinct responses: (a) weakly quasiperiodic response; (b) strongly modulated response; parameters:

A ¼ 0.4, l ¼ 0.2, s ¼ 0.9, e ¼ 0.05.

Fig. 20. The coexistence of three distinct responses: (a) periodic response with small amplitude; (b) periodic response with large amplitude;

(c) the SMR; parameters: A ¼ 0.4, l ¼ 0.2, s ¼ 1.5, e ¼ 0.001.
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revealed. Periodic and quasiperiodic regimes were predicted analytically and verified numerically. Novel
analytical approach for prediction of existence of SMR was presented in the paper. Zone of SMR was
calculated via developed analytical approach. Various combinations of system regimes coexistence predicted
by the analytical models were demonstrated numerically.

The most interesting case of the regimes combinations was a coexistence of three distinct regimes two of
which are periodic and the third one is a SMR. Considerable agreement was observed between analytical
model and numerical simulations.
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